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a b s t r a c t
A new approach for diffusive flux discretization on a nonorthogonal mesh for finite
volume method is proposed. This approach is based on an iterative method, Deferred
correction introduced by M. Peric [J.H. Fergizer, M. Peric, Computational Methods for
Fluid Dynamics, Springer, 2002]. It converges on highly skewed meshes where the former
approach diverges. A convergence proof of our method is given on arbitrary quadrilateral
control volumes. This proof is founded on the analysis of the spectral radius of the iteration
matrix. This new approach is applied successfully to the solution of a Poisson equation in
quadrangular domains, meshed with highly skewed control volumes. The precision order
of used schemes is not affected by increasing skewness of the grid. Some numerical tests
are performed to show the accuracy of the new approach.
© 2009 Published by Elsevier B.V.
1. Introduction
When we are faced with domains having complex geometry, we have to deal with control volumes of arbitrary shape or
at least nonorthogonal control volumes. In some cases, this nonorthogonality would lead to a very skewed mesh, especially
when a structured or block-structured mesh of quadrangles is used.
A common idea that arises from the CFD community asserts that the precision order of numerical schemes degrades as
soon as control volumes depart from nonorthogonal quadrangles which seem to be, for many authors, the optimal shape
for control volume. This idea is shared by a great majority of people because, high skewness of mesh elements involves
consistency problems in the discretization of second derivative or diffusive flux. Indeed, in finite volume strategy, the
discretization of these diffusive flux for a scalar quantity ϕ through a surface is equivalent to finding an approximation
to the following integral:∫
Sp
(∇ϕ).En ds (1)
where SP represents the surface around the control volume VP and En the normal to this surface.
Using the middle point rule, the approximation of (1) is reduced to the evaluation of the following quantity (2), on each
face k of the control volume.
SPk (∇ϕ)Pk .EnPk (2)
where SPk and EnPk represent respectively the surface of the face k and the unit vector normal to this face.
Then, the problem is to find a consistent discretization of (∇ϕ)Pk .EnPk .
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In admissiblemeshes proposed in [1,2], EnPk is always parallel to Eξ Pk , the unit vector of the line joining the two nodes located
on both sides of the face k. This allows the use of simple schemes for the discretization of (∇ϕ)Pk .EnPk . However, in practice, it
is not always easy to build such admissible meshes and generally, meshing softwares do not have this feature.
Some authors who worked so far on finite volume strategies in the context of general grids context [3–6], generally
proposed formulations in which not only centers of control volumes are involved in the discretization strategy but also the
four (or eight in 3D) vertices defining this control volume. Therefore supplementary interpolations which may generate
additional errors and increased CPU time would be needed in the discretization process. The resulting discretization matrix
could becomemore difficult ormore expensive to solve regarding computational time. These difficulties could be avoided by
using an idea introduced in [7–10], calledDeferred correction. Contrary to othermethods [1,2], Deferred correction approach
presents the interesting characteristic that it does not require any special hypothesis on the shape of the control volume in
building mesh process.
It is a well-known strategy in CFD community. Deferred correction is used as a simple and efficient way to approximate
diffusive flux in SIMPLE [7,9–11] (Semi-Implicit Pressure Linked Equation) methods for Navier–Stokes equations. Diffusive
flux are approximated on skewed meshes by using only centers of control volumes. This is achieved by an iterative process
detailed in [7].
Deferred correction is widely used for numerical simulation. Popular numerical codes in fluids mechanics, like Star-CD
or Fluent, are based on it. However, there do not exist any rigorous convergence proof of this process. Some authors [12]
suggested restrictions, such as grids with a low skewness, before using this method which points out its limitations. Indeed
the Deferred correction does not always give satisfactory results, especially, when grids are very skewed.
Wehavenot found in literature any studies on the application ofDeferred correction for a purely diffusive equationwhose
Poisson equation is an emblematic model. This equation is an interesting case of study as we can easily build an analytical
solution which would serve as a reference to analyze the precision order of the method. Another source of motivation to
solve accurately a Poisson equation, whatever the shape of control volume, comes from the fact that this equation is involved
in many physical problems.
Using a Deferred correction strategy for the solution of a Poisson equation, the approximation of (2) will lead to an
iterative process [13] which must converge towards the desired quantity, (∇ϕ)k.EnPk :
(∇ϕ)mk .EnPk → (∇ϕ)k.EnPk
m→∞. (3)
After noticing that Peric’s approach diverges in the case of high skewness, we investigated another formulation of Deferred
correction more robust and accurate.
The objective of this study is to provide an improved and more accurate version of the Deferred correction especially
adapted to very skewed meshes and whose convergence is based on theoretically demonstrated proofs.
2. Mathematical formulation
Poisson equation with homogeneous Dirichlet boundary conditions in a domain (Ω) is:
−∆f = g in (Ω) (4)
f = 0 on (∂Ω) (5)
where g is a given function.
It is common to express (4) in its conservative form in order to use the Green–Ostrogradsky theorem [7,14]:
−∆f = −∇ .(∇f ) (6)∫
−∇ .(∇f ) dv =
∫
−(∇f ).Ends =
∫
g dv. (7)
With themiddle point rule, which is a second-order quadrature formula, Poisson equation can be written on a given control
volume, with the notation of Fig. 1, in the following form:
−
∑
k=n,e,w,s
SPk (∇f )Pk .EnPk = (g)P .VP (8)
where VP indicates the volume of the control volume P.
2.1. Former approach of deferred correction
The first approach of Deferred correction proposed by [7] consists in introducing an iterative process whose formulation
is as follows:
−
∑
k=n,e,w,s
Sk(∇f )mk .Eξk = (g)P .VP −
∑
k=n,e,w,s
Sk(∇f )m−1k .(Eξk − Enk). (9)
The left-hand side of (9) can be easily approximated by a centered formula.
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Fig. 1. Notations. The control volume P and its neighbors. Surfaces around the control volume P .
For example for a second-order centered scheme, we would have:
Sk(∇f )mk .Eξk = dk(f mK − f mP ) (10)
with dk = Sk/d(P, K)where d(P, K) is the distance between nodes P and K .
The right-hand side is computed explicitly using the Gauss formula:
(∇f )jP ≈
∑
k=n,e,w,s
Skfk
(
Enk.Eij
)
VP
(11)
whereEij denotes the vector unity in the jth Cartesian coordinates and fk is the value of f on the point k.
We can easily see that, if the iterative process (9) converges, (which means (∇f )mk = (∇f )m−1k = (∇f )k), we obtain the
following equation:
0 = (g)P .VP −
∑
k=n,e,w,s
Sk(∇f )k.(−Enk). (12)
This method is entirely based on the convergence of iterative process (9). Numerical tests have shown that the former
Deferred correction approach gives good results when θk (the angle between Enk and Eξk) is small (<40◦), but diverges
otherwise.
Then, it appears that the convergence of this process is closely linked to the skewness of control volume.
Thanks to these observations, some natural questions arise: how can we formalize convergence conditions according
to skewness size? can we reformulate this first approach to obtain another one, more efficient and whose convergence
conditions are more easy to obtain? or more simply, are solutions obtained accurate and in which terms?
More generally, the problem of the definition of a theoretical framework for the application of thismethod is posed. Thus,
an improvement of the initial approach of Peric is necessary to handle geometries with highly skewed control volumes. The
starting point of our reflexion, is to consider the initialmethodof Peric as a particular formulation of amore general approach.
The purpose of this paper is to define an improved and efficient Deferred correction method to discretize diffusive flux in
case of very skewed control volumes and demonstrate that this iterative process converges.
2.2. The new deferred correction approach
If Etk is the unit vector parallel to a face k, then the unit vector Enk normal to this face can be then expressed as (Fig. 3):
Enk = λkEξk + βkEtk (13)
where λk = 1cos(θk) and βk = tan(θk).
Under these considerations, Eq. (8) becomes:
−
∑
k=n,e,w,s
λkSk(∇f )k.Eξk = (g)P .VP +
∑
k=n,e,w,s
βkSk(∇f )k.Etk (14)
or
−
∑
k=n,e,w,s
λkSk(∇f )k.Eξk = (g)P .VP +
∑
k=n,e,w,s
Sk(∇f )k.(Enk − λK Eξk). (15)
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Fig. 2. Representation of a control volume.
Subsequently, it will be easier to write (15) with the following notations:
T PEξ (f ) = SMP − T PEt (f ) (16)
with T PEξ (f ) = −
∑
k=n,e,w,s λkSk(∇f )k.Eξk
T PEt (f ) = −
∑
k=n,e,w,s
βkSk(∇f )k.Etk, SMP = (g)P .VP .
Let us introduce at this stage, the Deferred correction process:
T PEξ (f
m) = SMP − T PEt (f m−1) (17)
i.e.:
−
∑
k=n,e,w,s
λkSk(∇f )mk .Eξk = (g)P .VP +
∑
k=n,e,w,s
Sk(∇f )m−1k .(Enk − λK Eξk). (18)
Remark (Correspondence with the First Formulation for Low Skewness). In the case of meshes with small skewness, i.e:
θk ≈ 0, λk ≈ 1 ∀k. (19)
While replacing (19) in (18) it leads to the first formulation (9).
2.3. Approximation of TEξ and TEt
TEξ and TEt determination is based on the approximation of T PEξ and T
P
Et respectively.
With a centered discretization,T PEξ (f ) can be approximated as follows:
T PEξ (f ) = −
[
λeSe
d(P, E)
(fE − fP)+ λnSnd(P,N) (fN − fP)+
λwSw
d(P,W )
(fW − fP)+ λsSsd(P, S) (fS − fP)
]
. (20)
In Eq. (20), d(P, K) is the distance between nodes P and K (K = N, E,W , S).
The computation of T PEt can be done in two ways. One can use vertices of control volumes:
T PEt (f ) = −
∑
k=n,e,w,s
βk
(
fk1 − fk2
)
(21)
where fk1 and fk2 are the values of f on the two vertices k1 and k2 of the face k (see Fig. 2).
On the other hand, we can use only the centers of control volumes. This can be done by using the Gauss formula (11) to
compute the gradients at the centers of control volumes. A linear interpolation is used to determine gradients located at the
center of faces (Fig. 4):
T PEτ (f ) = −
∑
k=n,e,w,s
βkSk
[
(1− αPK )(∇f )P + αPK (∇f )K
]
.EtPk (22)
αPK is the linear interpolation factor of two neighbor nodes P and K .
Remark (On T PEt Approximation). The approximation (21) will be a second-order formula if fk1 and fk2 are approximated with
second-order schemes. This will be achieved with a bilinear interpolation by considering a cell surrounding the vertices.
Formula (21) is also interesting, because it relates expression (15) to formulations already used for theoretical analysis,
see [3]. The main difference with precedent studies [3] is that in our approach, formula (21) is calculated explicitly. Thus,
approximation of T PEt does not affect discretization matrix.
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Fig. 3. Enk decomposition.
1
Fig. 4. Additional control volume (P, K, NK, NP) for interpolation at vertex k1 .
2.4. Bijectivity of the operator TEξ
By adopting the following notation:
δPK =
λkSk
d(P, K)
we can write T PEξ (f ) as:
T PEξ (f ) = −
∑
K=N,E,W ,S
δPK (fK − fP). (23)
More simply, we will write:
T PEξ (f ) = −
∑
K
δPK (fK − fP). (24)
Remark (Positivity and Symmetry of Factors δPK ). If two nodes K and P are neighbors, we have:
δPK > 0. (25)
because we have always θ PK ∈ [0, pi2 [. Moreover, due to symmetry, we have:
δPK = δKP . (26)
The solution of the iterative process (17) requires that TEξ is bijective. To see it, we consider a function u and wewill show
that we have the following implication:
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〈TEξ .u, u〉 = 0⇒ u = 0 (27)
where 〈, 〉 denotes the usual discrete scalar product in RN .
Thus using (21), we obtain:
〈TEξ .u, u〉 =
∑
P
T PEξ (u)uP = −
∑
P
∑
K
δPK (uK − uP)uP . (28)
Let us rewrite the sum−∑P∑K δPK (uK − uP)uP in other form.
Let us consider P and K two neighbor nodes located by their common face, we have:
− δPK (uK − uP)uP − δKP (uP − uK )uK = −δPK (uK − uP)uP − δPK (uP − uK )uK = δPK (uK − uP)2. (29)
Thus, we can write:
−
∑
P
∑
K
δPK (uK − uP)uP =
∑
P,K
δPK (uK − uP)2. (30)
Using the boundary condition u/∂Ω = 0, we obtain the conclusion.∑
P,K
δPK (uK − uP)2 = 0⇒ u = 0. (31)
Moreover, we obtain from (30):
∀u 6= 0, 〈TEξ .u, u〉 > 0. (32)
Thus TEξ is not only bijective but it is also positive definite.
Remark (On Solution of Eq. (17)). As TEξ is symmetric and positive definite, the use of iterative methods for the solution of
problem (17) is possible. Methods, like SOR (Successive Over Relaxation), which have a good convergence rate whatever the
matrix size, can be easily used.
2.5. Convergence analysis
2.5.1. Convergence condition
Let A be equal to, (TEξ )−1TEt the iteration matrix corresponding to process (17). This process converges if and only if
ρ(A) < 1 where ρ(A) represents the spectral radius of matrix A (Fig. 5).
In the case of domains meshed with regular parallelogram control volume or with control volume deriving from a
smoothly warped parallelograms we have the following condition, for details see [3]:
There exists a positive constant γ < 1, such that:∑
K ,P
(βk)
2
(
fk1 − fk2
Sk
)2
m(χk) ≤ γ
∑
K ,P
(
fK − fP
hk
)2
m(χk) (33)
withm(χk) = 12Skhk and hk = d(P,K)λPk .
The expression (33) can be written as follows:∑
K ,P
(βk)
2 (fk1 − fk2)2
δPK
≤ γ
∑
K ,P
δPK (fK − fP)2 (34)
i.e.: ∑
K ,P
(βk)
2 (fk1 − fk2)2
δPK
≤ γ 〈TEξ f , f 〉 (35)
2.5.2. Convergence of the new approach of Deferred correction
Proposition. In the case of domains meshed with regular parallelogram control volume domains or with control volumes derived
from a smoothly warped parallelogram, the new approach of Deferred correction converges.
Proof. We must show that the convergence condition is satisfied. Firstly, let us show that there exists a positive constant
γ ′, such as γ ′ < 1 and for a function f we have:
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Fig. 5. Diamon cell χk .
|〈TEt f , f 〉| ≤ γ ′
〈
TEξ f , f
〉
(36)
|〈TEt f , f 〉| =
∣∣∣∣∣∑
P
(∑
K
βk (f1 − f2)
)
fP
∣∣∣∣∣ =
∣∣∣∣∣∑
K ,P
βk
(
fk1 − fk2
)
(fP − fK )
∣∣∣∣∣ (37)∣∣∣∣∣∑
K ,P
βk
(
fk1 − fk2
)
(fP − fK )
∣∣∣∣∣ =
∣∣∣∣∣∣
∑
K ,P
βk
(
fk1 − fk2
)
(fP − fK )
√
δPK√
δPK
∣∣∣∣∣∣
≤ 1
2
∑
K ,P
(βk)
2
(
fk1 − fk2
)2
δPk
+ 1
2
∑
K ,P
δPK (fK − fP)2 . (38)
Thus, by using (35), we obtain:
|〈TEt f , f 〉| ≤ 12
∑
K ,P
(βk)
2
(
fk1 − fk2
)2
δPk
+ 1
2
∑
K ,P
δPK (fK − fP)2 ≤
γ + 1
2
〈
TEξ f , f
〉
(39)
which gives the result, with γ ′ = γ+12 .
Let us suppose now that f is an eigen vector of
(
TEξ
)−1 TEt andω its associated eigen value. Let us show thatwe have always|ω| < 1. The following relation is obvious:
T fEt = ωT fEξ . (40)
Replacing (40) in the expression (36) and using the fact that TEξ is positive definite, we have:
|〈TEt f , f 〉| =
∣∣〈ωTEξ f , f 〉∣∣ = |ω| 〈TEξ f , f 〉 ≤ γ ′ 〈TEξ f , f 〉 (41)
|ω| ≤ γ ′ < 1. (42)
This completes the proof.
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Fig. 6. Computational domain for Test 1.
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Fig. 7. For 10× 10 control volumes.
3. Numerical test
3.1. Test 1
Let us consider the computational domain below. The skewness is defined by the angle θ and the grid will be skewed
successively by increasing θ from 11◦ to 76◦ (Fig. 6).
We solve the following Poisson equation:
∆f = 6x+ 2 in (Ω) (43)
f (x, y) = x3 + y2 + xy on (∂Ω). (44)
Exact solution is given by f (x, y) = x3 + y2 + xy.
We shall compare the convergence of the two methods, the former and the new Deferred correction one. Using Matlab,
we compute over a given grid, the spectral radius of each iteration matrix for both the methods. Then we can study their
sensitivity to the grid skewness defined by the parameter θ . In Figs. 7–9 we observe that the spectral radius of the iteration
matrix of the Peric method is greater than 1when θ comes close to 38◦. It still increases when θ exceeds 38◦. On the other
hand, the iteration matrix of our approach has a spectral radius always lower than 1whatever the skewness considered. In
conclusion, our approach converges whatever the skewness, whereas the Peric method converges only for skewness lower
than 38◦. This points out the limitation of Peric method.
This result is confirmed in Figs. 10–13 where we have plotted the L2 norm according to the angle θ . In these figures we
see that above 38◦ Peric method diverges while our approach converges and provides solutions with a satisfactory error.
In Figs. 14–16we represented the evolution of the ratio T according to θ . T is defined as: T = ln
(
err1
err2
)
ln2 ,where err1 and err2
are the discrete L2 errors made respectively on grid 1 and grid 2, a couple of grids. Grid 2 has twice more control volumes
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Fig. 8. For 20× 20 control volumes.
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Fig. 10. For 10× 10 control volumes.
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Fig. 13. For 80× 80 control volumes.
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Fig. 15. T values for grids with 20× 20 and 40× 40 control volumes.
than Grid 1 in each of the two principal direction of meshing. T is in fact a good estimation of the precision order of the
scheme. We considered three cases:
Case 1: 10× 10 and 20× 20, Case 2: 20× 20 and 40× 40, Case 3: 40× 40 and 80× 80.
It reveals that, for θ lower than 38◦, the solutions obtained by each of the twomethods have the expected order: 2. Above
40◦, this order 2, is preserved, in the case of our approach whereas the former approach diverges.
3.2. Test 2
We solve the same Poisson equation in a domainΩ slightly different from the previous one. In this domain, the skewness
is not uniform (Fig. 17).
In Fig. 18 we can see a comparison between the isocontours of the numerical and the exact solutions on a 80× 80 grid.
No visible differences can be noticed between the two solutions.
In Fig. 19 we plotted the relative error in the middle section (IS = NI/2), between the exact and numerical solution for
different grids 10× 10, 20× 20, 40× 40, 80× 80.
It is obvious that as soon as we refine the grid, the relative error between the exact and numerical solutions decreases.
For the finest grid 80 × 80 grid the maximum error is under 0.05%. For the coarsest grid 10 × 10 the maximum error is
slightly over 1%.
It demonstrates that our method is consistent and gives very accurate results even if for skewed mesh.
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Fig. 17. Computational domain for Test 2.
(a) Exact solution. (b) Numerical solution.
Fig. 18. Comparison between the exact and numerical solution for 80× 80 grid.
Table 1
Spectral radius of iteration matrix in TEST 2.
Number of control volume Spectral radius of iteration matrix of the Peric method Spectral radius of iteration matrix of our approach
10 ∗ 10 1.0717 0.47779
20 ∗ 20 1.4533 0.61647
40 ∗ 40 1.7493 0.69187
In Tables 1 and 2, for different grids, we note that in the case of Peric method the spectral radius of iteration matrix is
greater than 1, whereas the spectral radius of our approach is still kept lower than 1. This result is confirmed by the fact that
in that case, Peric method diverges whereas our approach converges.
4. Conclusion
A comparative study of convergence of two different approaches of Deferred correction is presented. For the first time, a
convergence proof of this kind of strategy is presented.
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Table 2
L2 error and T value in the case of our approach.
Number of control volume L2 error of our approach T
10 ∗ 10 0.01745 –
20 ∗ 20 0.00447 1.96
40 ∗ 40 0.00112 1.99
80 ∗ 80 0.00027 2.05
The new Deferred correction proposed, improves the former one. The superiority of this new approach arises especially
in case of severe skewed meshes with an angle higher than 45◦. This is often the admissible limit in industrial numerical
codes.
We have shown the robustness of our method with accurate solutions in cases where the former approach diverges.
Moreover, on the examples considered, we noted that the theoretical second-order scheme is preserved whatever the
skewness. Thus we have shown that precision defects, sometimes observed on unstructured grids based on triangles in
particular, cannot be blamed to the topological nature of control volumes but rather to the approximation of operators on
these control volumes.
The new approach presented is interesting because in case of complex geometries, it avoids to use admissible meshes or
another concurrent meshing strategies difficult to build.
This study could be an important issue for finite volume algorithms for the solution of Navier–Stokes equations in
complex geometries. This new approach should improve convergence feature in SIMPLE like algorithms in geometries with
skewed control volumes. It could also be used directly in algorithms where a Poisson equation is inevitable, like projection
velocity–pressure coupling algorithms [15–17].
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